We consider a non-ideal hot pion gas with the dynamically fixed number of particles in the model with the λφ 4 interaction. The effective Lagrangian for the description of such a system is obtained after dropping the terms responsible for the change of the total particle number. Reactions π + π − ↔ π 0 π 0 , which determine the isospin balance of the medium, are permitted. Within the self-consistent Hartree approximation we compute the effective pion mass, thermodynamic characteristics of the system and the variance of the particle number at temperatures above the critical point of the induced Bose-Einstein condensation when the pion chemical potential reaches the value of the effective pion mass. We analyze conditions for the condensate formation in the process of thermalization of an initially non-equilibrium pion gas. The normalized variance of the particle number increases with a temperature decrease but remains finite in the critical point of the Bose-Einstein condensation. This is due to the non-perturbative account of the interaction and is in contrast to the ideal-gas case. In the kinetic regime of the condensate formation the variance is shown to stay finite also.
Introduction
Multitude of pions is produced in central ultrarelativistic nucleus-nucleus collisions at SPS, RHIC and LHC energies [1] [2] [3] [4] [5] . Because of the kinematical separation of the light meson component or hadronization of quark-gluon plasma, a pion-enriched system can be formed at midrapidity. Spectra of produced pions are approximately exponential at intermediate transverse momenta, m π < ∼ p T < ∼ 7 m π , here and below m π = 139 MeV is the pion mass, andh = c = 1. Therefore, one may assume that the pions stem from a hot fireball characterized by a temperature T (r, t) and density n(r, t), which expands until a thermal freeze-out. The thermal freeze-out temperature is estimated to be T th ∼ 100 − 120 MeV. Estimates [6] show that at temperatures T < ∼ 130 − 140 MeV, the rate of pion absorption becomes smaller than the rate of pion rescattering. This implies that the total pion number can be considered as dynamically fixed during the subsequent fireball expansion before the thermal freeze out [7] . The time scale of chemical equilibration for T ≃ 100−120 MeV, is estimated to be much longer, τ ch ∼ 100 fm [8, 9] , than that of thermal equilibration, τ th ∼ few fm, and of the time of the fireball expansion, τ exp ∼ 10 − 20 fm [10] .
The presence of a phase transition (of the second or first order) implies an increase of fluctuations near the critical point, as a general property manifested in various critical opalescence phenomena, cf. [25] . The proximity of the system created in nucleus-nucleus collisions to the BoseEinstein condensation was argued in [26] [27] [28] to reveal itself through a divergence of the normalized variance. The results were derived for an ideal pion gas in the thermodynamical limit within both grand-canonical and microcanonical ensembles. Finite size effects were also considered in [27, 29] . According to [15] the density of the ideal symmetric pion gas (with equal numbers of π + , π − and π 0 mesons) at temperature T th ≃ 138 MeV and chemical potential µ th ≃ 134.9 MeV is about 2.5n 0 (here and below n 0 = 0.16 fm −3 is the nuclear saturation density). Parameters obtained in [12] for O+Au collisions at 200AGeV, T th ≃ 167 MeV and µ th ≃ 134.9 MeV, give the density for the ideal pion gas ≃ 3.1 n 0 . At such densities the pion gas is highly imperfect and an account of strong pion-pion interactions is required. On the experimental side some enhancement of the normalized variance was observed in preselected high pion-multiplicity events in pp collisions at energies 50-70 GeV [30, 31] . However, a care should be taken when one compares theoretical estimations for thermal fluctuating characteristics with actual measurements, which include experimental background fluctuations.
In [17] properties of a pionic BEC were considered in the framework of the Lagrangian formalism with the λϕ 4 interaction. Utilizing the Weinberg Lagrangian, [32] studied the influence of the pion BEC for the one sort of pions on the kaon properties. The thermodynamical properties of the pion gas with the Weinberg Lagrangian were investigated in [33, 34] within the self-consistent Hartree approximation. Reference [34] found the corresponding critical temperatures of the Bose-Einstein condensation.
This work is organized as follows. In next section we derive the effective Lagrangian describing the pion system with the dynamically fixed particle number. Then in section 3 we treat thermally equilibrated and not equilibrated pion systems in the self-consistent Hartree approximation. Macroscopic characteristics are considered in section 4. In section 5 we demonstrate that in the thermodynamical limit the normalized variance proves finite in the critical point of the pion Bose-Einstein condensation, if the pion-pion interaction is taken into account selfconsistently within the Hartree approximation. In section 6 we argue that the variance also remains finite during the non-equilibrium evolution of the system towards the BEC.
Effective Lagrangian describing a system with dynamically fixed number of pions
For the description of a pion system we use the Lagrangian density Fig. 1 . Contributions to the pion polarization operator: tadpole (a) and "sandwich" (b) diagrams. Thick lines represent the dressed pion propagators. The small blobs correspond to the bare vertex, whereas the big blobs stand for the dressed vertex. Diagram c) shows the pion self-energy being computed in the non-equilibrium diagram technique. The first diagram corresponds to the pion elastic rescattering and the second one, to the pion production and annihilation processes. Lines with − and + indices are the dressed non-equilibrium propagators iG −+ and iG +− [35, 18] .
where we assume a simplified λϕ 4 model for the pionpion interaction with constant λ ∼ 1. Comparing with the leading terms of the Weinberg Lagrangian, we find λ = m 2 π /2f 2 π ≃ 1.13, where f π = 93 MeV is the weak pion decay constant. The isospin triplet ϕ = (ϕ 1 , ϕ 2 , ϕ 3 ) is associated with fields of the positive (π + ), negative (π − ) and neutral (π 0 ) pions:
Positive and negative pions, being introduced as particles and antiparticles, are described by the one complex field, (π
† means the Hermitian conjugation. Neutral pions, as self-conjugated particles, are represented by the real field (π 0 ) † = π 0 . The interaction among the fields ϕ modifies the pion properties in medium. The resulting in-medium retarded pion propagator follows from the Dyson equation,
is the free retarded pion propagator, and ω and k stand for the frequency and the momentum of the pion, and Π is the full retarded pion polarization operator determined by the two diagrams shown in Fig. 1a ,b. Note that in the "tadpole graph" (Fig. 1a) we have the bare coupling given by the Lagrangian (1), and the vertex renormalization affects only one of the vertices in the "sandwich" graph (Fig. 1b) . Now we apply the Lagrangian density (1) to the description of a pion system with dynamically fixed number of particles. Particularly, the question is how to define the number of neutral pions if the corresponding field π 0 in (1) is real and one cannot define a conserved 4-current for it. To proceed we transit to new complex fields ϕ − , ϕ + , ϕ 0 corresponding to pionic modes with the positive frequencies
In a system with fixed and, in general, different numbers of pions of each species the particle-anti-particle symmetry is lost, and we have now ϕ − = ϕ † + , and ϕ 0 is a complex field. In the second quantization the new fields of π − , π + , π 0 mesons possess the following operator representations in the quasi-particle approximation
We choose positive solutions of the dispersion relations, ω ±0 (k) > 0, and, in general case,
fine now the numbers of pions of the corresponding 
k is determined by the Bose distribution with the frequencies ω i and chemical potentials µ i , which fix the particle numbers N i .
In terms of new fields (2) the Lagrangian density (1) can be written as L = L fix + L ′ , where we separate terms conserving the number of pions of a certain sort
Here
is the Lagrangian density describing pions of a certain sort (i = ±, 0) and we neglect small differences in pion masses. Next term in (4), 
These processes conserve the total number of pions and also the number of pions of each sort. The pion interactions contained in (4) give a contribution to the pionic polarization operator already in the first order in λ. Such a contribution is depicted by the tadpole graph in Fig. 1a .
The remaining part of the Lagrangian density is
They change relative fractions of the pion species while keeping the total number of pions fixed. In thermal equilibrium these reactions imply relations among pion chemical potentials
In general, a pion system is characterized by two quantities: the total charge Q and the total number of particles N . If say Q > 0, then Q pions out of N pions, are obviously π + s and other N − Q pions form the electrically neutral sub-system with an arbitrary isospin composition. Reactions π 0 π 0 ↔ π + π − , having occurred, bring these N − Q pions into the isospin equilibrium, in which every pionic species has the fraction (N − Q)/3. Taking into account the remained Q charged pions we get the final isospin composition of the system
After the replacement N π + ↔ N π − and Q → |Q| these expressions are valid also for Q < 0. The last term in L ′ , containing non-equal numbers of pion creation and annihilation operators,
processes with a change of the number of pions, π ↔ πππ symbolically. These processes bring the system to the chemical equilibrium.
The terms L 2↔2 and L 3↔1 contribute to the pion polarization operator only in the second order in the coupling constant. They are represented by the sandwich diagram in Fig. 1b with different possibilities for the pion species in internal lines allowed by the charge conservation.
The sandwich diagrams written in terms of nonequilibrium Green's functions determine also the collision integral in the pion kinetic equation [18, 35] ,
, where G ±∓ are fully dressed non-equilibrium propagators, and Π ±∓ col are determined by the non-equilibrium sandwich diagrams shown in Fig. 1c , cf. [18, 35] . The direction of internal ± lines in the diagrams "c" accounts for different processes: ππ ↔ ππ if two lines got to the right and one to the left, see the first graph in Fig. 1c , and π ↔ πππ if all lines go to the right, see the second graph in Fig. 1c . For T < ∼ m π the real part of the retarded sandwich graph proves to be small in comparison to the tadpole contribution. Therefore, we omit the former contribution. The imaginary part of the retarded sandwich diagram determines the rates of rescattering and absorption/production reactions. As we have discussed, the processes ππ ↔ ππ responsible for the thermal equilibration occur essentially faster then processes π ↔ πππ responsible for the chemical equilibration for T < ∼ m π . Therefore we also may drop the term L ′ of the Lagrangian density and introduce instead non-vanishing pion chemical potentials fixing the pion numbers (6) determined by reactions π + π − ↔ π 0 π 0 . Doing so we assume that these reactions are operative on the time scale of the pion fireball expansion up to its breakup.
Thus we may now use the effective Lagrangian density (4) for the description of the pion gas of an arbitrary electric charge with the dynamically fixed number of particles.
Self-consistent Hartree approximation
Non-equilibrium system. Varying the action corresponding to the Lagrangian density (4) with respect to ϕ † + , ϕ † − , ϕ † 0 fields we obtain three coupled non-linear equations of motion. Direct solution of such a system of equations is a complicated numerical problem. Therefore here we solve this system within the self-consistent Hartree approximation, which is rather appropriate at excitation energies of our interest,ǭ ∼ T < ∼ m π . Within this approximation the behaviour of a certain particle is determined by an averaged interaction with surrounding particles. Properties of particles in the environment are, in turn, determined by the same equation of motion as that for the considered pion. Formally, we represent the field ϕ ±0 as a superposition of some picked-out fieldφ ±0 and an environmental field ξ ±0 , ϕ ±0 →φ ±0 + ξ ±0 . Then we keep in equations of motion only the terms linear inφ ±0 and quadratic in ξ ±0 (other terms vanish after the averaging). As the result we find equations of motion for the picked-out fields in the Hartree approximation
with the polarization operator Π i :
where 
f i is a momentum distribution function, i = ±, 0. The spectrum determined by (7), (8) is
with m 0± as the pion effective mass. The partial densities of pions are determined as n i = f i . In general, the integrals (9) contain divergent contributions of quantum fluctuations owing to non-commutativity of creation-annihilation operators, which are to be renormalized by subtraction of the corresponding vacuum values. The remaining parts prove to be rather small and we omit them. Now to be specific consider the electrically neutral (Q = 0) pion gas of three different compositions: (i) the symmetric gas of all three species, n ±,0 = n/3; (ii) the gas of π + s and π − s, n ± = n/2, n 0 = 0; (iii) the gas of π 0 s, n 0 = n, n ± = 0. Then the effective pion mass and density can be generally written as
The coefficients g m and g n depend on the system we consider: (i) g m = 10, g n = 3; (ii) g m = 8 , g n = 2 ; (iii) g m = 6 , g n = 1 . System at thermal equilibrium. For the thermally equilibrated system
where the chemical potentials are interrelated by
and are fixed by the total and charge pion densities
In case of the thermally equilibrated electrically neutral (Q = 0) pion gas we get µ ±,0 = µ in case (i), µ ± = µ in case (ii), and µ 0 = µ in case (iii), and ω i = ω from (11) in all three cases. The dependence of the effective pion mass m * and the chemical potential on the temperature in the interacting electrically neutral pion gas (Q = 0) is shown on the left panel in Fig. 2 for various gas compositions: cases (i)-(iii) above. Because of the repulsive pion interaction the effective mass m * is larger than m π and increases with a temperature decrease. Consequently, the chemical potential also increases faster with decreasing temperature than in the free case (λ = 0), grows over m π for temperature T < T * (for T = T * the chemical potential µ = m π ) and equals to m * at the temperature T ind c . At this temperature an "induced" Bose-Einstein condensation occurs since at smaller temperatures the momentum distribution of pions in integrals (11) would develop a pole. Following [34] we should distinguish between the induced Bose-Einstein condensation and a condensation occurring in a first-order phase transition at T = T
c ≤ T * , if the latter transition is energetically favorable. We postpone the study of such a possibility to a subsequent work. The critical temperature of the induced Bose-Einstein condensation is shown on the middle panel in Fig. 2 as a function of the gas density for λ = 1. We see that the smaller is the number of components, the higher is the value T of the interacting pion gas is substantially smaller than that for the ideal gas.
Macroscopic characteristics
A general expression for the energy-momentum tensor of a non-equilibrium system can be found in [35] . For some types of interactions this quantity can be expressed fully through the spectral functions of particles A(ω, k) = −2ℑΠ, cf. [36] . Within the self-consistent Hartree approximation for spin-less bosons A = 2πδ(ω 2 − m * 2 − k 2 ). As above we continue to consider systems with compositions given by cases (i)-(iii) above. Within the self-consistent Hartree approximation the energy density E, the pressure P and the entropy density are given by [35, 36] 
In thermal equilibrium these quantities satisfy the consistency condition
and the free-energy density is F = E − T s = µ n − P . On the right panel in Fig. (2) we show the free-energy density as a function of the temperature for the interacting (λ = 1) pion gas at thermal equilibrium with the different densities and compositions. We see that at fixed total density and for Q = 0 the symmetric pion gas, case (i), has a lower free-energy than the gas of other isospin compositions, cases (ii) and (iii). Thus the system with Q = 0 having initially an asymmetric composition will after a while come to the symmetric state with the equal number of pions of each species.
Consider initially non-equilibrium system of pions with the already dynamically fixed particle number and the symmetric composition, case (i). We will assume that the equilibration occurs much more rapidly than the pion fireball expansion (as we mentioned in Introduction τ th ∼few fm and τ exp ∼ 10 − 20 fm), so we assume the volume to be approximately fixed. Let the initial energy density be E in and the particle number density be n in . After a while (for (t > τ th ) the system reaches thermal equilibrium characterized by the pion chemical potential µ and the temperature T . We assume that the energy, the particle number and the volume remain approximately conserved during the thermalization process. Then E(µ, T ) = E in and n(µ, T ) = n in . This system of equations is satisfied, if the chemical potential is smaller than the effective pion mass, µ < m * (µ, T ), otherwise the system develops the BEC (provided the typical time for the appearance of the BEC is τ BEC < τ exp ).
The critical values of E in,c and n in,c , for which the BEC appears, are connected by relations
where µ c (T ) is the solution of equation µ = m * π (µ, T ). They determine parametrically a line on the (n in , E in )-plane. Fig. 3 shows the phase diagram of the symmetric interacting pion gas, case (i), with an initial energy E in and particle number n in for λ = 1 after its thermal equilibration occurring at fixed volume, energy and particle number. The critical line T = T ind c borders the hatched region of the Bose-Einstein condensation. If the initial nonequilibrium pion distribution has the energy and particle densities within this region, then the BEC is forming in the course of thermalization and continues to exist in the final thermal equilibrium state. If E in and n in lie outside the hatched region the system ends in a state with some µ and T , which are depicted by thin solid and dashed lines, respectively. The initial momentum distribution of non-equilibrium pions depends on their source. We consider two simple choices: a δ-function like distribution, f δ (k) = 2π 2 nin 3k 2 0 δ(k − k 0 ), which may result from a "blurred phase" of hot baryon-less matter [21, 36] , and a step θ-function like initial distribution in momenta range 0 < k < k 0 used in kinetic description of the BEC in [37, 38] (11) and (15) we obtain the line on the (E in , n in ) plane for a given value of k 0 . These lines are shown in Fig. 3 (thick solid line for f δ and thick dashed line for f θ ). We see that the results for both distributions are qualitatively similar. For sufficiently small values of k 0 the critical densities are smaller than the estimated pion densities even at fireball freeze-out, e.g., n in,c ∼ 0.3 n 0 for k 0 = 100 MeV and n in,c ∼ 1.4 n 0 for k 0 = 200 MeV. The BEC may appear for n > n in,c , provided τ BEC < τ exp .
Reference [37] estimated τ BEC studying the process of the Bose-Einstein condensation in gases at fixed particle number. The authors solved the non-relativistic quantum Boltzmann kinetic equation in the model with the λϕ 4 interaction. A similar problem for relativistic pions with dynamically fixed particle number in ultra-relativistic heavyion collisions was considered in [19] . Following [37] the characteristic time scale for a change of the initial distri-
2 , and the typical time characterizing bosonization for low momenta is t bos ∼ 10 τ col , and the BEC is forming for t BEC > ∼ 20 τ col . Requiring that t bos ≤ τ exp ∼ 20 fm we find that a strong bosonization for pions of small momenta occurs, if n in ≥ n c ∼ 2.5 n 0 (k 0 /m π ) for λ = 1. For k 0 < ∼ 0.7m π the BEC also starts to develop, if n in ≥ n c ∼ 2.5 n 0 .
Particle number fluctuations in equilibrium
In case of a uniform system of one-kind bosons in thermal equilibrium the normalized variance of the particle number N is given by [39] 
The µ-derivative is taken at fixed T . The same relation is valid for the gas of various compositions, i.e. cases (i -iii) considered above, when all pion species in the system have the same spectra. Then N is the total pion number, and n is the total pion density. Taking the derivative with respect to µ we should take into account the implicit dependence of m * on it, cf. (11),
With the help of the reduction formulas (A.1) and (A.2) we obtain from Eq. (18)
where
For T → T ind c , we have µ → m * (for λ = 0), and the pion momentum distribution behaves as f →
Separating these divergent parts we obtain δI i = I i − I
i , i = 1, 2, 3, being finite for any µ ≥ m * . For the ideal pion gas (λ = 0) we recover the standard expression wn = g n T I 1 = g n f (1 + f ) . Then at T → T id c one has µ → m π and the variance wn → g n T I For the non-ideal gas the perturbation expansion in λ is not valid for any λ = 0 since the integral I 2 in the denominator of (19) diverges. In the self-consistent Hartree approximation, separating convergent terms, we find 
where Fig. 4 we show the normalized variance of the number of pions for the interacting and ideal pion gases at Q = 0 as functions of the temperature for several densities and various gas compositions. For the ideal gas the normalized variance diverges at the critical temperature of the Bose-Einstein condensation as was noted in [27] . As argued in [27] , the same divergence would be reflected in relative fluctuations of neutral vs. charged pions for highmultiplicity events. Therefore it was suggested that a strong enhancement of the normalized variance can be considered as a clear signature of the BEC, although finite-volume effects smear the singularity. We see that even for infinite volume the singularity disappears for the interacting gas provided the interaction is taken into account self-consistently.
Speaking about particle-number fluctuations one has to be careful about the moment of the fireball evolution, at which fluctuations described here within the grandcanonical ensemble are formed: is it the chemical freeze-out (n ch , T ch ) or the thermal one (n th , T th )? We believe that the answer depends on experimental conditions. Fluctuations of the total pion number, being measured within 4π geometry, reflect the state of the system at the chemical freeze-out since the total pion number does not change for n < n ch , T < T ch . On the other hand the grand-canonical formulation may continue to hold. First, fluctuations of the relative numbers of various pion species may be related to the thermal freeze-out since for n ∼ n ch , T ∼ T ch the reactions π 0 π 0 ↔ π + π − still occur. Then, correlations of the volume and the density, being present at thermal freeze-out, are formally described by the same equation (19) . The particle number fluctuations also reflect the state of the pion fireball at the thermal freeze-out, if one measures correlations between pions emitted from the fireball at different angles. However we remind that comparison of the results of idealized calculations with real measurements is very uncertain without a detailed study of experimental conditions. Thus we may say that, only if indeed a significant growth of various pion-number fluctuation characteristics were observed, it could be associated with a closeness to the pion Bose-Einstein condensation either at the chemical freeze-out or at the thermal freeze-out, depending on the specifics of the measurement.
6. Non-equilibrium effects on the particle number fluctuations We consider now if particle number fluctuations remain finite when the system enters a non-equilibrium regime towards the Bose-Einstein condensation, characterized by a strong dynamical enhancement of pion distribution function at small momenta. Since, as follows from the numerical analysis [37, 38] , the typical time characterizing elastic collisions for low momenta is by the order of magnitude larger than the time τ col , typical for collisions at averaged momenta k ∼ √ mT , for t > τ col we may consider the pion distribution at low momenta as still a non-equilibrium one, whereas for the higher momenta the initially overpopulated distribution is already the quasithermal one with µ(t) and T (t) close to m * and T ind c , respectively. Then for t ≫ τ col the fluctuation probability, p, can be determined by a minimal work needed to change the chemical potential µ for fixed n (for a constant volume),
2 /(nT )). The normalized variance is then equal to w n.eq ≃ T n ∂n ∂µ . So, we need to calculate ∂n ∂µ , now for the case of still non-equilibrium momentum distribution of pions at low momenta. For this we can proceed again from (11) with the replacement f → f n.eq in integrals. We assume that f n.eq is a function of ω − µ, since the chemical potential should enter through the gauge replacement ω → ω − µ. Thus we arrive first to (18) , and then after the replacement ∂fn.eq ∂ω , we obtain w n.eq . The latter quantity is given by the same relation (19) where one should perform the replacements I 1,2,3 → I 1,2,3 ,
and ψ = − ∂ ∂ω f n.eq . Note also that the first term in the first Eq. (18), g n f (1 + f ) , coincides with the static structure factor calculated with the one boson loop for arbitrary non-equilibrium distributions. The second term is a more tricky, being obtained by re-summation of a sub-set of more complicated diagrams.
Numerical analysis [37, 19] shows that at low pion momenta, when |ω(k) − m * | ≪ m * , first a turbulence regime characterized by a constant particle flux into the region of small energies is formed and for t > 14 τ col the pion distribution acquires an self-similar form. For t > 19 τ col a singularity develops that signalizes the beginning of the formation of the BEC. At low momenta all these regimes are characterized by the power-low quasi-stationary distributions of the form
where A(t) is a slow function of time, being k-independent for k → 0 and for constant α. For the thermal equilibrium α = 1, for the turbulent regime α = 7/6 and for the selfsimilar solution α = 3/2, cf. [37, 19] . Since the integrals in (23) are determined at small momenta we can use the distribution (24) for an estimate. With the distribution (24) we have ψ → 2m * αf n.eq /k 2 and the integrals I i diverge at small momenta obeying the relations I 1 = m * 2 I 2 = m I 3 → 2αm * A(t)/(k 2α+1 L (2α + 1)) , for k L → 0. Because of this universality relation among the integrals I i , which is the same as in (21) , the divergencies will cancel in w n.eq leaving in the leading order w n.eq = 4gnm * 2 gmλnβ + . . . . Thus, the pion self-interactions, taken self-consistently into account, keep the particle fluctuations finite also in the dynamics of the bosonisation and the BEC formation.
Conclusion
In this work we considered the behaviour of the interacting hot pion gas with the dynamically fixed number of particles at temperatures above the critical point of the Bose-Einstein condensation. Such a system can be possibly formed in ultra-relativistic heavy-ion collisions. First, in the model of a simplified pion interaction (λϕ 4 ) we derived the effective Lagrangian, which describes a system with the dynamically fixed number of particles. The isospin balance is established by reactions π + π − ↔ π 0 π 0 , whereas pion production and absorption processes do not occur on the timescale of the fireball lifetime. The pion spectrum, thermodynamic characteristics and variance of the pion number are calculated within the self-consistent Hartree approximation. Conditions for the condensate formation in the process of thermalization of an initially non-equilibrium pion gas are analyzed. As in the ideal gas case, in the interacting system at a fixed particle density (at fixed volume), the normalized variance of the particle number increases with a temperature decrease but remains finite in the critical point of the Bose-Einstein condensation. The variance is also finite during the non-equilibrium evolution of the system towards the Bose-Einstein condensation. We should also note that inelastic processes, which were ignored in our study, effects of a finite volume and of expansion of the pion system may further smear the fluctuation effects due to enhancement of pion distributions at low momenta might be occurring in heavy-ion collisions.
